We give a classification of generic bifurcations of intersections of wavefronts generated by different points of a hypersurface with or without boundaries.
Introduction
In [11] we investigated the theory of reticular Legendrian unfoldings which describes bifurcations of wavefronts on a hypersurface germ with a boundary, a corner, or an r-corner in a smooth manifold and studied the stabilities and a generic classification of such bifurcations.
In this paper we give a semi-local classification of bifurcations of wavefronts generated by a hypersurface with an r-corner. The wavefronts generated around several points on the initial hypersurface intersect. For example we consider the below figures in which the initial wavefront with a boundary in a plane and wavefronts generated by the initial wavefront and the boundary to normal directions are described respectively. The generated wavefronts Figure 1 : The initial wavefront V 0 with a boundary and generated wavefronts ( e = ∅, t 1 < t 2 < t 3 ) bifurcate and typical shapes of bifurcations occur. The 1 ( 0 A 1 0 A 2 ), 1 ( 0 A 1 0 A 1 ), and 1 ( 0 A 1 0 B 2 ) fronts are intersections of fronts generated by different points of the initial wavefront. The purpose of this paper is the classification of such generic bifurcations of intersections of wavefronts.
As the bifurcation theory of wavefronts are described by reticular Legendrian unfoldings, we shall introduce the notion of multi-reticular Legendrian unfoldings in order to describe the theory of generic bifurcations of intersections of wavefronts generated by different points of a hypersurface with an r-corner.
The main result of this paper is a classification of generic bifurcations of intersections of wavefronts generated by a hypersurface without boundary or with boundaries in a manifold with dimension 2 and 3. The classification list of generating families of generic multi-reticular Legendrian unfoldings are given before Theorem 5.6. We also draw all figures of such bifurcations at the last of this paper.
This paper consists of four sections. In section 2 we investigate the theory of map germs with respect to the reticular t-(P-K) (m) -equivalence relation which plays important roles as generating families of multi-reticular Legendrian unfoldings. In section 3, we review the theory of reticular Legendrian unfoldings which is developed in [11] . In section 4 we introduce the notion of multi-reticular Legendrian unfoldings and investigate their equivalence relation, generating families, and stabilities. In section 5 we reduce our investigation to finitely dimensional jet spaces and give a generic classification of multi-reticular Legendrian unfoldings.
Stabilities of unfoldings
In this section we investigate the theory of map germs with respect to the reticular t-(P-K) (m) -equivalence relation which is proved by almost parallel methods of [10] .
We denote by E(r; k 1 , r; k 2 ) the set of all germs at 0 of smooth maps H r × R k 1 → H r × R k 2 and set M(r; k 1 , r; k 2 ) = {f ∈ E(r; k 1 , r; k 2 )|f (0) = 0}. We denote E(r; k 1 , k 2 ) for E(r; k 1 , 0; k 2 ) and denote M(r; k 1 , k 2 ) for M(r; k 1 , 0; k 2 ).
If k 2 = 1 we write simply E(r; k) for E(r; k, 1) and M(r; k) for M(r; k, 1). Then E(r; k) is an R-algebra in the usual way and M(r; k) is its unique maximal ideal. We also denote by E(k) for E(0; k) and M(k) for M(0; k). We remark that E(r; k, p) is an E(r; k)-module generated by p-elements..
We denote by J l (r + k, p) the set of l-jets at 0 of germs in E(r; k, p). There are natural projections:
We write j l f (0) for π l (f ) for each f ∈ E(r; k, p). Let (x, y) = (x 1 , · · · , x r , y 1 , · · · , y k ) be a fixed coordinate system of (H r × R k , 0). We denote by B(r; k) the group of diffeomorphism germs (
We denote φ(x, y, u) = (xφ 1 (x, y, u), φ 2 (x, y, u), φ 3 (u)), Lemma 2.1 (cf. [13, Corollary 1.8]) Let B be a submodule of E(r; k + n + m ′ , m), A 1 be a finitely generated E(m ′ )-submodule of E(r; k + n + m ′ , m) generated d-elements, and A 2 be a
We say that a map germ f 0 = (f 0,1 , . . . , f 0,m )(x, y) ∈ M(r; k, m) is reticular K (m) -ldetermined if all map germ in M(r; k, m) which has the same l-jet of f 0 is reticular
We say that f = (f 1 , . . . , f m )(x, y, u), g = (g 1 , . . . , g m )(x, y, u) ∈ E(r; k + n, m) are reticular (P-K) (m) -equivalent if there exist Φ i ∈ B n (r; k + n) of the form:
and a unit α = (α 1 , . . . , α m )(x, y, u) ∈ E(r; k+n, m) such that g i = α i ·f i •Φ i for i = 1, . . . , m. We write Φ = (Φ 1 , . . . , Φ m ) and call (Φ, α) a reticular (P-K) (m) -isomorphism from f to g.
We say that a map germ f = (f 1 , . . . , f m )(x, y, u) ∈ M(r; k + n, m) is reticular (P-K) (m) -l-determined if all map germ in M(r; k + n, m) which has the same l-jet of f is reticular (P-K) (m) -equivalent to f .
(z) the submanifold of the image of the orbit of f under the reticular t-(P-K) (m) equivalence relation. Then
Lemma 2.5 (Cf., [10, Lemma 3.10]) Let f = (f 1 , . . . , f m )(x, y, u) ∈ M(r; k + n, m) and l be a non-negative integer. If
In convenience, we denote an unfolding of a function germ f (x, y, u) ∈ M(r; k + n, m) by 
We say that F (x, y, t, u), G(x, y, t, u) ∈ E(r; k + m ′ + n, m) are reticular t-(P-K) (m) -equivalent if there exist diffeomorphism germs
We say that function germs F 0 (x 1 , . . . , x r 1 , y 1 , · · · , y k 1 , t, q, z) ∈ M (r 1 ; k 1 + 1 + n + 1) and F 1 (x 1 , . . . , x r 2 , y 1 , · · · , y k 2 , t, q, z) ∈ M(r 2 ; k 2 + 1 + n + 1) are stably reticular t-P-K-equivalent if F 0 and F 1 are reticular t-P-K-equivalent after additions of linear forms of x of which all coefficients are not zero and non-degenerate quadratic forms in the variables y.
We define the notion of stable reticular t-(P-K) (m) -equivalence in the same way as the stable reticular t-P-K-equivalence. Definition 2.6 We define stabilities of unfoldings. Let
We say that F is reticular t-(P-K) (m) -stable if the following condition holds: For any neighbourhood U of 0 in H r × R k+m ′ +n and any representativeF ∈ C ∞ (U, R m ), there exists a neighbourhood NF ofF in C ∞ -topology such that for anyG ∈ NF there ex-
We say that F is reticular t-(P-K) (m) -homotopically stable if for any smooth path-germ
be a smooth map and l be a non-negative integer. We choose a neighbourhood U ′ of 0 in R km+m ′ +n such that (0, y i , t, u) ∈ U for any (y 1 , . . . , y m , t, u) ∈ U and i. We define the smooth map germ j
as the follow: For (y 1 , . . . , y m , t, u) ∈ U we set j
Theorem 2.8 (Uniqueness of universal unfoldings)(Cf., [10, Theorem 3.13]) Let F (x, y, u, t), G(x, y, u, t) ∈ M(r; k + n + m ′ , m) be unfoldings of f ∈ M(r; k + n, m). If F and G are reticular t-(P-K) (m) -universal, then F and G are reticular t-P-K-f -equivalent. Theorem 2.9 (Cf., [10, Theorem 3.14]) Let F (x, y, t, u) ∈ M(r; k + m ′ + n, m) be an unfolding of f (x, y, u) ∈ M(r; k + n, m) and let f is an unfolding of f 0 (x, y) ∈ M(r; k, m). Then following are equivalent.
(1) There exists a non-negative number l such that f 0 is reticular
Reticular Legendrian unfoldings
We review the theory of reticular Legendrian unfoldings. Let J 1 (R n , R) be the 1-jet bundle of functions in n-variables which may be considered as R 2n+1 with a natural coordinate system (q, z, p) = (q 1 , . . . , q n , z, p 1 , . . . , p n ), where (q 1 , . . . , q n ) is a coordinate system of R n . We equip the contact structure on
We remark that: By the identification of the coordinate system (u 1 , . . . , u n+1 ) and (q 1 , . . . , q n , z) on a manifold, the dimension of a manifold on which wavefronts propagate is higher 1 than n.
We also consider the 1-jet bundle J 1 (R × R n , R) and the canonical 1-form Θ on that space. Let (t, q 1 , . . . , q n ) be the canonical coordinate system on R × R n and (t, q 1 , . . . , q n , z, s, p 1 , . . . , p n ) be the corresponding coordinate system on J 1 (R × R n , R). Then the canonical 1-form Θ is given by
We define the natural projection Π :
be a representative as a germ of the union ofL r,0 σ for all σ ⊂ I r . We recall thatL r,0 σ is a normalisation of the Legendrian submanifold consists of the particles generated by the σ-corner of hypersurface germ V = {(u 1 , . . . , u n , 0) ∈ (R n+1 , 0)|u Ir ≥ 0} with an r-corner to conormal direction, where σ-corner is defined by V ∩ {u σ = 0} and u is a local coordinate system of a manifold in which wavefronts propagate.
, w) ( Π(w) = 0) be a contact diffeomorphism germ. We say that C is a P-contact diffeomorphism germ if C has the form:
We say a map germ L :
In order to study perestroikas of wavefronts of reticular Legendrian unfoldings, we introduce the following equivalence relation. Let
, (i = 0, 1) be reticular Legendrian unfoldings. We say that L 1 and L 2 are P-Legendrian equivalent if there exist a contact diffeomorphism germ
of the form
and a reticular r-diffeomorphism Ψ on ( 
for all σ ⊂ I r .
By [11, Theorem 0.8.5] we have that:
, there exists a function germ F (x, y, t, q, z) ∈ M(r; k + 1 + n + 1) which is a generating family of L.
(2) For any P-C-non-degenerate function germ F (x, y, t, q, z) ∈ M(r; k + 1 + n + 1) there exists a reticular Legendrian unfolding L : (L r , 0) → (J 1 (R × R n , R), w) of which F is a generating family. 
Multi-reticular Legendrian unfolding
. . , m) be reticular Legendrian unfoldings with Π(w i ) = 0 where
be multi-reticular Legendrian unfoldings. We say that they are reticular P (m) -Legendrian equivalent if there exist contact diffeomorphism germs
and reticular
. . , L m ) be a multi-reticular Legendrian unfoldings and F i ∈ M(r i ; k i + 1 + n + 1) be generating families of L i . We call F = (F 1 , . . . , F m ) a multi-generating family of (L 1 , . . . , L m ).
We say that a map germs (F 1 , . . . , F m ) ∈ M(r; k+1+n+1) is P (m) -C-non-degenerate if all F i are P-C-non-degenerate and ( F = (F 1 , . . . , F m ) (F i ∈ M(r i ; k i +1+n+1)), there exists a multi-reticular Legendrian unfolding of which F is a multi-generating family, 
Then there exist open neighbourhoods NC0,i ofC 0,i in C ∞ -topology for i = 1, . . . , m such that for anyC i ∈ NC0,i, there exist points 
are P-Legendrian equivalent. We remark that the definition of stability is not depend on choices of L ′ x i . Homotopical stability: We say that L is homotopically stable if for any reticular P-contact
and a one-parameter deformation of reticular
τ for t around 0 and i = 1, . . . , m. Infinitesimal stability: We say that L is infinitesimally stable if for any extension C i of L i and any infinitesimal P-contact transformation v i of C i , there exist infinitesimal reticular P r i -diffeomorphisms ξ i and infinitesimal P-Legendrian equivalences η i at w i of the form
) (m-products) and denote other notations analogously. We call an element 
This is directly proved by P-Contact transversality theorem ([?, Theorem 0.4.5]).
We denote the ring E(1 + n + n, m) on the coordinates (t, q, p) by E t,q,p(m) and denote other notations analogously.
. . , L m ) be a multi-reticular Legendrian unfolding with a multigenerating family
We remark that sufficiently near multi-reticular Legendrian unfoldings of stable one are stable by the condition (a).
Genericity
In order to give a generic classification of multi-reticular Legendrian unfoldings, we reduce our investigation to a finitely dimensional jet space of P-contact diffeomorphism germs.
. . , L m ) be a multi-reticular Legendrian unfolding. We say that L is l-determined if the following condition holds: For any extension
As Lemma ??, we may consider the following other definition of finitely determinacy of reticular Legendrian maps: (1) The definition given by replacing 
Let J l (2n+ 3, 2n+ 3) (m) be the set of multi-l-jets of map germs from (J 1 (R ×R n , R), 0) to J 1 (R × R n , R) and tC l (n, m) be the Lie group in J l (2n + 3, 2n + 3) (m) consists of multi-l-jets of P-contact embedding germs. Let L l (2n + 3) (m) be the Lie group consists of multi-l-jets of diffeomorphism germs on (J 1 (R × R n , R), 0). We consider the Lie subgroup rtLe
consists of multil-jets of reticular P r i -diffeomorphisms on the source space and l-jets of P-Legendrian equivalences of Π at 0:
The group rtLe l (n, m) acts on J l (2n + 3, 2n + 3) and tC
We denote by V I C the vector space consists of infinitesimal P (m) -contact transformation germs of C and denote by V I 0 C the subspace of V I C consists of germs which vanish on 0. We denote by V L J 1 (R×R n ,R) by the vector space consists of infinitesimal P-Legendrian equivalences on Π and denote by V L 0 J 1 (R×R n ,R) by the subspace of V L J 1 (R×R n ,R) consists of germs which vanish at 0.
We denote by V 0 L r the vector space consists of infinitesimal reticular r-diffeomorphisms on (J 1 (R ×R n , R), 0) which vanishes at 0 and set
We have that by Lemma ??:
We define the homomorphism tC :
We denote V I l C the subspace of V I C consists of infinitesimal P-contact transformation germs of C whose l-jets are 0:
, we define the continuous map j l 0C : U → tC l (n, m) by x to the l-jet of (C 1x , . . . ,C mx ).
. . , L m ) be a reticular Legendrian unfolding. Let C i be an extension of L i and l ≥ (n + 2) 2 . We set C = (C 1 , . . . , C m ). Then the followings are equivalent:
, where C ′ = C| z=s=0 and B
. . , L m ) be a stable multi-reticular Legendrian unfolding. We say that L is simple if there exists a representativeC ∈ C T (U, 
In the case that the reticular (P-K) (m) -codimension of f = 0, the F is stably reticular and (q 1 , . . . , q n , z) = (u 1,1 , . . . , u 1,µ 1 , . . . , u m,1 , . . . , u m,µ m−1 , u 1 , . . . , u µ , z).
In the case that the reticular (P-K) (m) -codimension of f = 1, F is stably reticular t-(P- 
Then F is stably reticular t-(P-K) (m) -equivalent to one of the following list: Theorem 5.6 Let r i = 0 or 1 for i = 1, . . . , m and n ≤ 2. Let U be a neighborhood of 0 in J 1 (R×R n , R). Then there exists a residual set O ⊂ C Θ T (U, J 1 (R×R n , R)) (m) such that for anỹ C = (C 1 , . . . ,C m ) ∈ O and x = (x 1 , . . . , x m ) ∈ U (m) , the multi-reticular Legendrian unfolding (C 1x 1 | L r 1 , . . . ,C mx m | L rm ) is stable and have a multi-generating family which is stably reticular t-(P-K) (m) -equivalent for one of the types in the above list.
Proof. Let X i = (X i,1 , · · · , X i,m ) (i = 1, . . . , s) be all simple singularities with m j=1 r-Kcodim X i,j ≤ n+2, that is each X i,j is one of simple singularities A, B, C. For i = 1, . . . , s let F X i be P (m) -C-non-degenerate map germ which is unfolding of X i . We choose an extension C0 X i and C1 X i of multi-reticular Legendrian unfoldings with multi-generating families F0 X i and F1 X i respectively. Let l > 16. We define that Then Y is an algebraic set in tC l (n, m). Therefore we can define that
Then Y has codimension > 2n + 4 because all P (m) -contact diffeomorphism germ with j l C(0) ∈ Y adjoin to the above list which are simple. Therefore
Then the set O = O ′ ∩ O ′′ ∩ O ′′′ has the required condition. q.e.d. 
